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ACTION OF QUANTUM EFFECTS ON THERMAL 

OF LIGHT GASES (HELIUM-3, HELIUM-4, AND 

A. G. Shashkov and T. N. Abramenko 

C O N D U C T I V I T Y  

H Y D R O G E N )  

UDC 536.23 

Express ions  a re  found for quantum cor rec t ions  consider ing symmet ry  effects expressed  in 
t e r ms  of coll ision integrals ,  and the i r  contribution to the thermal-conduct iv i ty  coefficient of 
gases is calculated. It is shown that quantum effects for light gases a re  insignificant at 
t empera tu re s  above 20~ 

The study of gas t r a n s f e r  proper t ies  at low t empera tu res  and high p r e s su re s  is of prac t ica l  in teres t  
because  of the use of the phenomenon of superconductivi ty in many scientif ic and industr ial  fields.  Exper imenta l  
study of such p roper t i e s  is complicated by large mater ia l  expenditures ,  the limited number of objects for 
study (isotopes of helium and hydrogen), and severe  methodological difficulties.  

The l i t e ra tu re  offers  isolated exper imenta l  data on the t r an s f e r  p roper t ies  of hel ium-3,  hel ium-4,  hydro-  
gen, and thei r  mixtures  at low t empera tu re s ,  usually at a tmospher ic  p r e s su re .  

Together  with the exper imenta l  methods of studying t r ans fe r  p roper t i es ,  there  exist  two theore t ica l  
approaches to describing such proper t ies .  The f i rs t  of these is the thermodynamic  approach,  based on the 
quantum theory  of i r r e v e r s i b l e  t r a n s f e r  phenomena [1], in which one initially establishes l inear  phenomeno- 
logical relat ionships between the Four ie r  components of the corresponding flux densit ies I(P)(q; ~,,) and the 
forces  acting on the equil ibr ium sys tem X(P)(q; w) in the form 

1 (~1 (q; co)= L pp' (q; co)X ~p) (q; c0), 

where LPP'(q; w) a re  kinetic coeff icients;  I(P)(q; w) = f d x e  iqx fd te i t~215 I(P)(x, t). Then general  formulas a re  
found for LPP' (q; w) commencing f rom a microscopic  (quantum mechanical) descr ipt ion of the macroscopic  
sys tem.  Finally the values of these quantities are  calculated as functions of t empera tu re .  

In par t icu la r ,  for  the thermal-conduct iv i ty  coefficient  the relat ionship [2] 

~ , = ~ - l i d t  i' ds I(P)(x, O) I(P')(x, t - -  is (1) 
0 0 

may be obtained, where/~ = (kT)-l;  t, t ime;  I(x, t) = e-iHtI(x, 0). Equation (1) is valid for both c lass ica l  and 
quantum sys tems .  

The viscos i ty  coefficient is determined f rom the express ion  

n =  lim 1 d t < I ( O ) l ( t ) : > =  n dtj'dp* P.*P* O(p*, q, t ) - -  
~v.v~ VkT m 

o 0 

i dlj'dp~ dp*dr12 r,2.x O~(rle) O(p~, ql, P,~, q2, t), (2) 
n 2 

kT .. " 2 Orlo. u 
0 

P~, qi cha rac t e r i ze  the momentum and position of the i-th par t ic le ;  r i j = q i - q j  ; r  is the in te rmolecula r  
in teract ion potential;  V, volume; 
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I (01 = P~% p~' 1 N 

m 2 Orii,y 
i = 1  i ~ i  

The co r re l a t ion  functions Cs a re  defined in the genera l  form:  

O~(p~, ql . . . . .  p*, q,, t ) =  lim dp~*'~, dq~_i . �9 �9 
N , V ~ =  N ! Z x  

�9 . . d p ~ ,  dqg e - m  I ( 0 )  e - ~  H . 

Expanding the co r r e l a t i on  functions in a s e r i e s  and l imit ing ourse lves  to the case  of binary col l is ions ,  it may 
be shown [3] that  Eq. (2) coincides with the analogous equation obtained by C h a p m a n - E n s k o g  theory  [4]. 

The second approach  to descr ib ing  t r a n s f e r  p rope r t i e s  at low t e m p e r a t u r e s  is connected with solving the 
c l a s s i ca l  Bol tzmann equation. Uehlingand Uhlenbeckoffered  an intuitive genera l iza t ion  of the c l a s s i ca l  Bol tz-  
mann equation to the quantum case  (i.e.,  a co r r ec t i on  to the Bol tzmann equation in the p r e sence  of quantum 
effects) .  Such a descr ip t ion  with the l imitat ions p* >>5/r  and kT >>h/~-permits the par t i c les  to be cons idered  
c l a s s i ca l ,  i .e . ,  s imul taneous ly  posses s ing  a coordinate  and quas imomentum.  Quantum effects a re  produced by 
the s y m m e t r y  p rope r t i e s  of the mul t ipar t ic le  wave function cha rac t e r i z ing  the wavelike propagat ion  of a p e r -  
turbat ion,  and a re  s ta t i s t i ca l  in nature .  

A number  of studies have cons idered  the influence of quantum effects  on t r a n s f e r  p rope r t i e s  [4-10]. In 
pa r t i cu l a r ,  it was demons t ra ted  in [4] that "at  r oom t e m p e r a t u r e  diffract ion effects  reach  a m e a s u r a b l e  m a g -  
nitude in hel ium and hydrogen but a re  insignificant  in heavy gases .  At low t e m p e r a t u r e s  quantum cor rec t ions  
produced by these  effects  become  significant for hel ium and hydrogen, and are  comple te ly  detectable  in heavy 
gases  also.  S y m m e t r y  effects  become significant  only at ve ry  high densi t ies  o r  v e r y  low t e m p e r a t u r e s .  N 

A n u m e r i c a l  evaluation of the contr ibution of quantum effects  to the t h e r m a l  conductivity and v i scos i ty  of 
light gases  is of in te res t .  Such an evaluation p e r m i t s  es tab l i shment  of the t e m p e r a t u r e  range  in which the 
behavior  of t r a n s f e r  p rope r t i e s  will differ  s ignif icant ly f r o m  c l a s s i ca l  behavior .  

Solution of the Bol tzmann equation by the C h a p m a n - E n s k o g  method leads to an equation for the t h e r m a l  
conductivity and v i scos i ty  coeff icients  in the fo rm [4] 

r o) 1 ~. = 25GT (16fl . . . .  )- [ 1 -4- nh 3 (2nmkT) -3/20~. t )1 = ~o (1 + ex), 

'q = 5kT (8~(22)) -I  [1 q--nh 3 (2amkT)-3/25(,l~] = ~]o(1 -4-e,l ). 

The quantit ies eh and ~ which cons ider  the contributions of s y m m e t r y  effects  to the t h e r m a l - e o n d u c -  
t ivi ty  and v i scos i ty  coeff icients  a re  de termined by the equations 

~ = ~/-~ n~' 6~ '~, 
•3,'0- n•3 5n('t 

g~l = 

We express  6~ ) -  and 6 (1) in t e r m s  of s tandard  col l is ion in tegra ls .  

In the f i r s t  approximat ion  

where  

�9 [ t28 P 22~ ] 
6~ 1) =- 2 - 7 / 2  4 33/o- f lc2.2) ' 

[ 128 F(2"3) 6F(2-~) i 
~(X 1) = 2 - 7 / 2  7 33/. ., 9p..(2.0-) , 

(3) 

(4) 

kT pin,~} = .  e-  T 72t+ 3 Q(,,,d7 ' 

0 

y2=h2~2/2pkT; y,, a quantum number  cha rac t e r i z ing  the re la t ive  kinetic energy in pa i red  col l is ions;  Q(n), e f fec-  
t ive sect ion.  

It can be shown that 
. ~ ( 2 . 3 ) ,  

5 ~ ' ) = - 2 - ' 2 1 7 - - 3 " 4 6 4 (  2 + ~i2.2~, ) ] ,  

5 ~) = -  0.598, independent of t e m p e r a t u r e .  
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TABLE 1. Quantum Cor rec t ions  to Hel ium-4 Thermal -Conduc t iv i ty  
Coefficient 

T, ~ i 4 5 l0 20 40 [ 60 80 100 150 200 300 500 
6, % 76 71 49 20 4 I 1.6 0,8 0,46/ 0,2 0,15 0,04 0,03 

t 

1 . . . . . . . . .  

o I0 N g qo 2/~- 

0,z 

0 T 

Fig. 1. T e m p e r a t u r e  dependence of quanti t ies eh [a: 1) ~/a, H2, 
2) ~/a, He 3, 3) ' ~ / a ,  He 4, 1') 8h" 10, H2, 2') 82~' 10, H J ,  3') 8~" 10, 
He 4, 4') 8~, He4; and b: 1) He4; 2) H2; 3) He ~] hel ium and hydro-  
gen isotopes .  
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Fig. 2. Compar i son  of theore t i ca l  and exper imenta l  r e su l t s  on 
t h e r m a l  conductivity of he l ium-4:  1) data of [11]; 2) [12] ; 3) [13] ; 
4) [141; 5) [151; 6) [161. X" 103 , W / m ' ~  T,  ~ 

Using Eqs. (3), (4) with col l is ion in tegra ls  for  the Lennard - Jones  (12-6) potential  [17] the values  of the 
quantum cor rec t ions  to t h e r m a l  conductivity and v i scos i ty  of gases  were  calculated.  The i r  t e m p e r a t u r e  depen-  
dence is shown in Fig. la .  The hypothetical  quantum co r rec t ion  consider ing s y m m e t r y  effects  for  the t h e r m a l -  
conductivity coeff icient  of hydrogen below 20.28~ is also presented  to i l lus t ra te  the effect  of molecu la r  weight 
on the magnitude of the quantum cor rec t ion .  For p = 1 a rm the s y m m e t r y  effects  a re  insignificant,  s ince ~'~< 1 
(Fig. lb),  and become apparent  at p= 10 a tm  and higher.  
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As is evident f r o m  Fig. l a ,  diffract ion effects ,  c h a r a c t e r i z e d  by the ra t io  ~'/~ become quite smal l  at 

t e m p e r a t u r e s  above 20~ Table  1 shows the t e m p e r a t u r e  dependence of the quantityS, ~ = ~q - -  ~c . 100, where 

kc is the the rma l -conduc t iv i ty  coefficient  calculated by c l a s s i ca l  theory  and kq is the same  quantity determined 
by quantum theory .  It is evident that with growth in t e m p e r a t u r e  quantum ef fec t s  produce an ever  s m a l l e r  con- 
t r ibut ion to t h e r m a l  conductivi ty and become  p rac t i ca l ly  insignif icant  at p = 1 a tm above 20~ 

A c o m p a r i s o n  of theory  with exper imenta l  r e su l t s  on t h e r m a l  conductivity of he l ium-4 at p= 1 arm a re  
p re sen ted  in Fig. 2. The theore t i ca l  resu l t s  were  obtained by C h a p m a n - E n s k o g  theory  with considera t ion of 
quantum effects ,  with the calculat ions using the Lennard - Jones  potential .  

In conclusion,  we must  note that the t r a n s f e r  p rope r t i e s  of light gases  and the i r  mix tures  at v e r y  low 
t e m p e r a t u r e s  and high p r e s s u r e s  have in fact not been studied, and in that case  it is imposs ib le  to give a 
n u m e r i c a l  evaluation of the influence of quantum effects .  

NOTATION 

h = h/2v, P lanck ' s  constant ;  k, Bol tzmann ' s  constant;  Cv, heat capaci ty  of gas;  T, t e m p e r a t u r e ;  ~, t h e r -  
mal -conduct iv i ty  coefficient;  n, numer i ca l  gas molecule  densi ty;  m, mass  of molecule ;  ~, d i amete r ;  ~, mean 
molecu la r  f r ee  path length; ~(2.2) col l is ion in tegra l ;  ~(2.2)*, reduced col l is ion integral ;  ~, de Brogl ie  wave-  
length; p, reduced m a s s  of molecule ;  p*, momentum;  ~-, f ree  path t ime ;  r ,  i n t e rmolecu la r  distance.  
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